We demonstrate that two-dimensional chiral superconductors on curved surfaces spontaneously develop magnetic flux. This geometric Meissner effect provides an unequivocal signature of chiral superconductivity, which could be observed in layered materials under stress. We also employ the effect to explain some puzzling questions related to the location of zero-energy Majorana modes.
surface with constant Gaussian curvature K and magnetic field B, it will pick up a phase ∼ Area × (eB + sK), where s is the orbital spin. Since the QH liquids form at high magnetic fields, the contribution from curvature cannot be detected in an experiment.
In a χSC, the situation is very different. The conditions for detecting the magnetic flux response to curvature is much more favourable. Because there is no background flux, our results show that the geometric Meissner effect could be detected in a bent layered χSC using a sensitive SQUID.
After a short review of the effective response theories for charge and flux insulators, we identify the origin of the geometric Meissner response, and use this finding to resolve some puzzling questions related to the location of zero-energy Majorana edge modes (Majorinos) and design a geometry-driven tunneling current in a weak link. Finally, we discuss possible experiments to detect our theoretical predictions. Response action for 2d U (1) insulators. Insulators are systems with a conserved U (1) charge and a gap to charged bulk excitations, implying that the response action is local. In the standard case of the U (1) electromagnetic gauge symmetry related to electric-charge conservation, it is known that insulators can be trivial or topological. The simplest trivial insulator is just empty space, while others differ by having a more complicated electromagnetic response, with material-dependent parameters that can be continuously changed to those of the vacuum. A non trivial, or topological, insulator cannot be continuously changed into the vacuum, and the effective action typically has terms with quantized coefficients that can change only at phase transitions related to the closing of the energy gap. Typical examples in 2d are Chern insulators and integer QH systems. We first consider the known case of an electric insulator to exploit the analogy with flux insulators, i.e., superconductors, to which we then turn our attention.
i) Charge insulators. Here, the effective action W [A µ ] encodes current correlation functions and the response to external electromagnetic fields A µ , i.e. the current exarXiv:1709.00482v2 [cond-mat.supr-con] 30 May 2018 pectation value is j µ = 2πδW/δA µ . The QH response to a slowly varying current is encoded in the ChernSimons (CS) term
which not only implies a Hall conductivity σ H = νe 2 /h, but also relates the total charge N Q of a region S to the total flux N φ through it. Changing the number of flux quanta N φ by δN φ will, according to (1) , lead to a change δN Q = νδN φ in the number of unit charges N Q . If the electromagnetic field is the only long-distance effect, which is the case in a pristine QH experiment, this relation also holds for the total values,
Note that the sign of ν defines an orientation on the 2d surface and thus breaks chiral symmetry. We now turn to the main topic of this paper-the effect of geometry, i.e. how the system depends on a spatial (possibly time-dependent) metric g ij . It was shown in Ref. [18] that the long-wavelength part of the geometric response is captured by the Wen-Zee term [17] 
where ω µ (which depends on g ij ) is a potential for the Gauss curvature K, viz. ε ij ∂ i ω j = √ gK, and κ QH defines the long wavelength charge response to the curvature. Just as the CS term, the Wen-Zee term specifies an orientation given by the sign of κ QH , so it can again only be present if there is a preferred orientation. For closed surfaces, the Wen-Zee term gives rise to a shift in the relation (2) ,
where
Since N Q , N φ and χ are integers, and ν is rational, κ QH must be quantized. ii) Flux insulators. We now switch to the systems of interest-the χSCs. In the spirit of Ref. [1] , we will use a toy model where the electromagnetic field is mimicked by 2d Maxwell theory. In 2d, conservation of magnetic flux (which is a consequence of Maxwell's equations)
amounts to having a conserved U (1) charge. Since a SC is a flux insulator, i.e. has a gap to flux excitations, it is natural to consider the effective action W [b µ ], where the external gauge field b µ is coupled to j µ f lux , so that j µ f lux = δW/δb µ is the expectation value of flux current.
This coupling can be interpreted in two different ways, as seen by
which identifies ε µνσ ∂ ν b σ as the supercurrent. Ordinary SCs have chiral symmetry and are trivial flux insulators. However, χSCs could also be topologically non-trivial and we now focus on the response to curvature given by the SC version of the Wen-Zee term
defined by the single parameter κ C , which, just as κ QH , has to be quantized. Eq. (7) encodes the geometric Meissner response, which relates the total flux through a region S to its total curvature χ,
N Φ denote flux in units of the superconducting flux quantum Φ 0 = h/2e. Changing the sign of κ C defines the direction of the magnetic field and it thus defines an orientation i.e., a chirality. Thus, only a chiral system can have a non-zero κ C . To see why we expect a non-trivial topological response, e.g. κ C = 0, we consider a very thin film with small curvature, i.e. Kξ 2 1, where ξ is the size of the Cooper pair. Then, the orbital spin of the Cooper pair (i.e., the spin of the pair due to orbital motion) is well defined and perpendicular to the surface. If the orbital spin of the pairs all have the same chirality the pair will respond to curvature in a similar way as to a magnetic field. In addition to the Aharanov-Bohm phase due to the charge 2e encircling the magnetic flux, the pair will also pick up the Berry phase 2πχl, where l is the orbital spin of the pair (we take l > 0 to denote right-handed rotation.) This means that the pair effectively responds to the combination of magnetic field and Gauss curvature, so that the Meissner effect will amount to expelling the combination B + lKΦ 0 /4π, rather than the magnetic field itself.
It is illuminating to see how the geometric Meissner effect emerges from a simple model, so we outline a derivation. The spatial part of the Wen-Zee response can be obtained from the Ginzburg-Landau free energy for a vector order parameter ϕ describing p-wave paired spinless fermions. Mutatis mutandis, this model also applies to the spinfull case with half-vortices as described in Ref. [4] . The order parameter ϕ can be written as, whereê 1 andê 2 are orthonormal basis vectors, and ρ ± and θ ± are densities and phases of the two chiral components, respectively. We assume a Ginzburg-Landau free energy
where m is a mass, µ 0 is the magnetic permeability, B = 1/ √ gε ij ∂ i A j is the magnetic field scalar, iD i = (i∂ i − 2eA i / ), and roman indices denote spatial coordinates. We take a potential V (|ϕ|), for which there is a mean-field solution withρ =ρ + = 0 andρ − = 0. Such a potential must exist for the flat geometry in order to at all have a χSC. By adiabatic continuity, such a solution will exist also for (at least weak) deformations of the surface, and since κ C is quantized, it will remain fixed as long as there is no phase transition.
To lowest order we then get the London free energy,
The square of the vector within the parenthesis is determined by the metric g, and ω comes from the derivatives of the basis vectorsê i . Varying F L gives
where λ L = m/(32ρµ 0 e 2 ) is the London length and is the Laplace operator defined by the metric g. For a region with a linear size much larger than λ L , we can average both sides to get Eq. (8) with κ C = 1. Chiral pairing in the l'th channel would give κ C = l. Note that this simple derivation does not give any flux-Hall response (see Ref. 19 ) term in the effective action. Thought experiments. Some apparently puzzling issues can be understood in terms of the geometric Meissner effect.
1. Where are the Majorino edge modes? A χSC generically has gapless edge modes in the thermodynamic limit, but odd pairing χSCs can support zero-energy Majorana edge modes (Majorinos), i.e., an exact zero-energy mode for finite edge length (up to exponential corrections in system size). For simple chiral p-wave SC models (such as in Ref. [2] ) the zero-flux state on the cylinder supports edge Majorinos and the state with a flux quantum through the cylinder has no Majorinos. The opposite is true for the states on the annulus. Assuming an adiabatic change from the annulus to the cylinder, via a tipless cone, the SC should remain in its ground state. That would mean that Majorinos are either created or annihilated, which would imply a closing of the bulk gap which, in turn, would contradict the assumption of adiabaticity. In Ref.
[20], we resolved this puzzle by showing that there is a level crossing and that the final state is not the ground state. We now show that this is easily understood as a geometric Meissner effect.
Since the surface of a tipless cone is flat, one might think that there would be no geometric Meissner effect. But W W Z in (7) depends on ω, not on K, and the line integrals ω i dx i are non trivial. With κ C = 1, the WenZee term dictates that this geometric monodromy will be canceled by a flux through the hole of the cone. Going adiabatically from a cylinder to a disc amounts to the spontaneous creation of a flux, and the edge Majorinos will remain. To stay in the ground state by an avoided crossing, would require the tunneling of a vortex across the SC, which is exponentially suppressed in the system size.
Alternatively, one can interpolate between a cylinder and an annulus by gradually lifting the inner edge of the annulus to form part of a cylinder and an associated region with total curvature d 2 x √ gK = −2π. When the cylindrical region is longer than λ L , it follows from Eq. (12) that there will be a full flux quantum through the curved region. Since flux is conserved, it has to enter somewhere and if the system is large, it must have come from the inner edge, since tunneling from the outer edge is supressed. This is shown on the left side of Fig.  1 , where the surface is embedded in 3d space and the strength and sign of the 2d flux is illustrated by a 3d field configuration (this configuration would be qualitatively correct for layered 3d films, but only if they are much thicker than λ L ). The flux lines are closing through the hole of the newly formed cylinder, such that the cylinder edge encircles a flux quantum while the annulus edge does not. Neither of them support edge Majorinos, just as the annulus we started from! If we do the opposite, i.e., flatten one end of a cylinder, we end up on the state shown in the right side of Fig. 1 bottom Majorino be removed by just a local change at the other end? Again, we can understand what happens by evoking the geometric Meissner effect. When we slowly deform an end of the cylinder to a half sphere, we create curvature and thus flux. If the cylinder is long enough, the flux must escape through the hole that we are about to close. In the limit of a very small hole we do not get a homogeneous flux on the half sphere, but a vortex, and thus a localized Majorino, as illustrated on the left side of Fig. 2 . If we instead start from a sphere, and stretch one end out to form a cylinder, we end up in the flux configuration shown in the middle of Fig. 2 -a state with no Majorinos. 2. Closed manifolds. If we close both ends of the cylinder, as on the right in Fig. 2 , vortices arise. We can deform this geometry by shrinking the cylindrical section to zero to get a sphere. In this case, there is no symmetry to give preferred locations to the vortices, but since vortices in a type II superconductor repel, they would sit at antipodal points to minimize energy. Picking a direction of the line between them amounts to a necessary spontaneous breaking of rotational symmetry.
That a χSC on a sphere must have vorticity is an effect analogous to the shift in the relation (4) between flux and charge in QH liquids. Here, it means that the number of flux-quanta through a closed surface equals the integrated curvature χ.
3. The geometric Josephson effect. Fig. 3 shows how a cut cone can be formed by rolling up a segment cut from a Corbino disc. Since the geometry is flat, the ground state of the segment supports no flux, and neither does the partially rolled up configuration shown to the right. But the cut cone, obtained by gluing the disc along the dotted line, does support edge currents. What happens is that when the edges come close to each other, the system should be thought of as a superconductor with a weak link that can maintain a phase difference. As seen from Eq. (11), ω enters just as an electromagnetic vec- tor potential giving a geometric version of the Josephson effect.
4. The geometric flux pump. Laughlin notion of flux insertion in a Corbino geometry [21] was historically very important for understanding the integer quantization of the Hall conductance. In the QH case, a unit electric charge is pumped from one edge to the other by inserting a flux, and in the present context there is an analogous effect, which shows that the Wen-Zee term must be quantized. The geometric flux pump is operated by adiabatically transforming a cylinder into an annulus and then back to the cylinder by pulling one of the edges through the other, which has the net effect of turning the cylinder inside out. In this process, the initial and final states have the same Hamiltonian, so if it is adiabatic, the final state must be an energy eigenstate below the bulk gap. This implies that there is an integer number of superconducting flux quanta through the hole of the cylinder, which means that κ C must be quantized as an integer. Experimental Realizations. Can the ggeometric Meissner effect be observed in the laboratory? Given a candidate χSC, one can imagine several different experiments, depending on the material to be tested. Interesting candidates are SrRuO 4 and bilayer graphene intercalated with Ca, and to probe the symmetry of their order parameter one needs to grow them on a concave or convex substrate. For bilayers, it is required that the substrate on which the graphene is deposited must be non-superconducting, otherwise it will short-circuit the graphene, and destroy the geometric Meissner effect. Therefore, one could also conceive to suspend it on top of nano-pillars, as already experimentally realized. However, here it would be convenient to have the nano-pillars forming a circular array of a radius R, instead of a regular lattice, as in Ref. [22] . If the sample is much larger than the diameter of the circle, and can be anchored outside, we expect a downward curvature in the inner region of the circle, simply due to gravity. Another possibility would be to set up a standing wave in a suspended sample and detect the AC electromagnetic response.
If the sample is a 2d sheet thinner than the London length λ L , the screening of charges and fluxes changes from exponential to a power law at large distances. Since we still have Meissner-like decay of the magnetic field, we would expect the relation (12) still to hold for regions with a radius r λ L , with corrections of order 1/r. Comparing Eqs. (4) and (8), we see that in the QH case the geometric contribution to the flux is a small correction to the large dominant term due to the background magnetic field, while in the χSC case the geometric term stands alone.
The geometric Meissner effect scales proportional to the maximum bond-length stretching and inversely proportional to λ 2 L . With a maximum allowed bond-length stretching of 1% and λ L = 1µm, the magnetic field strength is of the order of 10 µT. The best SQUIDs can detect fields as small as a pT; hence, such a field should easily be detectable.
We hope that our work will motivate further experiments on curved χSC candidates, and contribute to the unveiling of this elusive state of matter in an unequivocal and definitive way.
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